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Monte Carlo Simulation of Nonequilibrium Shock Fronts
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A direct simulation of a shock tube experiment carried out by AVCO, (pressure of 1 Torr and velocity of
6.4 km/s) repeated by Sharma and Gillespie, and used by Park to develop his two-temperature model, is
presented. Results show that the electronic ground state of N2 is not in rotational or vibrational equilibrium
with that of N2 . Moreover, a two-temperature model is inadequate to describe nonequilibrium flows behind
shocks. The role of impurities is examined. It is shown that the effects of a small fraction of H2O are insignificant.
Good agreement with the measurements of Sharma and Gillespie is indicated.

Introduction

T HE two-temperature model of Park1 is widely used in
calculations involving chemical and thermal nonequili-

brium. This model was developed by comparing computed
properties with measurements carried out at AVCO in shock
tubes using nitrogen.2 Some of the parameters in the calcu-
lations were adjusted in order to improve the agreement be-
tween theory and experiment. With the exception of the vi-
brational temperature, the procedure developed by Park1

seemed to be in good agreement with experiment.
The calculated vibrational temperature was that of the ground

electronic state of nitrogen. On the other hand, the measured
vibrational and rotational temperatures were those of the first
negative system of NJ, N£ (1 — ) . Because of this, one should
not expect that the two vibrational temperatures be equal.
Nevertheless, Park1 attributed part of the discrepancy to the
use of the nitrogen dissociation rate of Appleton et al.3 He
thought that such rates should be reinterpreted using a two-
temperature model.

The need to clarify the above situation prompted Sharma
and Gillespie4 to repeat the AVCO experiment. This was
accomplished using a clean arc-driven shock tube. Armed with
more precise spectral measurements and more precise data
reduction techniques, they proceeded to measure the rota-
tional and vibrational temperatures of N2(2 + ). They con-
cluded that their measured rotational temperature was con-
sistent with that of AVCO, but the measured vibrational
temperature was not. Although their measurements of the
vibrational temperature were consistent with the calculations
of Park,1 the measured rotational temperature in the none-
quilibrium region was not in equilibrium with the translational
temperatures. This contradicts the two-temperature assump-
tion of Park.1
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Unfortunately, the measurements of Ref. 4 were limited to
one nonequilibrium and one equilibrium measurement. This
makes it difficult to explain the trends exhibited by the AVCO
experiment. In particular, the vibrational temperatures mea-
sured in the AVCO experiment were below the equilibrium
value. This contradicts the measurements of Ref. 4, which
showed that, in the nonequilibrium region, the measured value
of the temperature is above the equilibrium value.

The issues raised by the measurements and computations
are extremely important in the development of a thermo-
chemical model suited for use at high velocities and temper-
atures. Thus, the first objective of this study is a direct sim-
ulation of the shock tube experiments of Refs. 2 and 4. The
simulation considers pure nitrogen at a pressure of 1 Torr,
room temperature and a velocity of 6.4 km/s. Because the
degree of ionization for this set of conditions is very small,
the simulation does not take ionization into consideration.
However, even in the absence of ionization, the problem is
a challenging calculation for direct simulation Monte Carlo
methods because the pressure chosen is that representative
of a 45 km altitude. Thus, the calculation is essentially a
continuum calculation.

In a Direct Simulation Monte Carlo (DSMC) calculation,
the internal energy of a gas and, hence, the vibrational tem-
perature is controlled by the distribution of energy between
the translational and internal modes after an inelastic colli-
sion. The probability of an inelastic collision determines the
rate at which energy is transferred between the translational
and internal modes after an inelastic collision. For a given
collision, the probabilities of rotational or vibrational relax-
ation are designated by relaxation numbers. The relaxation
number is the number of collisions it takes, on average, for
a molecule to relax. Hence, the inverse of the relaxation
number is the probability of relaxation occurring for one col-
lision. In the DSMC, the relaxation numbers are traditionally
given as constants on the order of ZR = 5 for rotation and
Zv = 50 for vibration. In this study, variable relaxation num-
bers for the rotation are used that are function of the trans-
lational temperature of the gas. The vibrational numbers are
temperature- and species-dependent5 and are based on the
Millikan and White6 measurements. Using these models, a
one-dimensional calculation, similar to that of Bird,7 is carried
out. Far downstream, the flow is assumed to approach equi-
librium.

In Park's work, it was found that the calculated vibrational
temperature of the ground electronic state of nitrogen was
much higher than the vibrational temperature of the NJ (1 -)
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measured in the AVCO experiment. Initial calculations in
this work yielded similar results. Examination of the AVCO
data suggests that the lower vibrational temperatures in the
nonequilibrium region is a direct result of a process that deac-
tivates the vibrational modes. Because of this, it was thought
that a small amount of impurity may have been present in
the AVCO experiment. It is known8-9 that H2O has a rather
high cross section for deactivation of the vibrational levels of
N2. As a result, a small fraction of H2O in the experiment
could have had a large influence on the vibrational temper-
ature. Therefore, the effect of an H2O impurity is included
in this study.

The physical processes modeled in the simulation are ro-
tational and vibrational excitations, and dissociation and re-
combination. The pressure employed in the experiments of
Refs. 2 and 4 are representative of an altitude of 45 km.
Because the mean freepath is very small, the simulation is
well withittj the continuum flow regime. Therefore, another
objective of this study is to compare the results of the Monte
Carlo simulation with the results and assumptions of the con-
tinuum approach.

Formulation of the Problem
The DSMC method of Bird provides a general physical

framework for the study of complex flowfields.10 However,
because it is a direct simulation method, any results from a
flow calculation are dependent on the physical model em-
ployed for that calculation. In this section, the physical models
used in this study will be discussed.

Traditionally, the DSMC employs a rotational relaxation
number on the order of ZR = 5. This means that, on average,
a molecule rotationally relaxes once every five collisions. This
is generally a good engineering approximation. However, a
more realistic expression that is a function of the translational
temperature has been developed by Parker.11 This expression
is given by

with

(773/2/2)(r*/r)1 4)(r*/r) (i)

with ZR oo and T* being species-dependent. For nitrogen, val-
ues of ZRoc and T* are chosen as 16 and 91.5 K, respectively,
following the suggestion of Boyd.12 A value for ZR is calcu-
lated in each cell.

The vibrational relaxation numbers used in this study are
based on Millikan and White's6 correlation of available ex-
perimental data. The correlation made use of the Landau-
Teller theory of vibrational relaxation, which has a limited
range of applicability. As a result, Millikan and White's6 cor-
relations are not valid at high temperatures. To remedy the
situation, Park1 suggested an empirical correlation. As a result
of this correction, the vibrational relaxation time r is given
by

T = T, + r,. (2)

where6

1/3 - 0.015,u1/4) - 18.42]

A = i.i6 (3)

and1

rcs = (llcsavns)

= 10-21(50,000/r)2, m2

c = (4)

In the above equation, p is the pressure in atmospheres, T
is the translational temperature in degrees Kelvin, 0V is the
characteristic vibrational temperature, JJL is the reduced mass,
k is the Boltzman constant, and ms and ns give the particle
mass and number density of species s.

To obtain the vibrational relaxation collision number, the
quantity r must be multiplied by the collision frequency v.
The average collision frequency vs for species s is given by

_ "̂  x ———————— \ /C\
5 £j \ q TSq rSq ) V /

where crTsq is the total collision cross section for collisions
involving particles s and q. This cross section is calculated
using the variable hard sphere model.7 The quantity crsq is the
relative velocity of particles s and q

The quantity

(1/ZV) = (l/rv) (6)

determines the probability of a vibrational relaxation for a
given collision. This quantity is calculated in each cell. Thus,
with the inclusion of vibrational relaxation model that is a
function of temperature and species, the presence of multi-
species in the simulation does not pose any problems.

Rates for the relaxation of H2O are available in Refs. 8
and 9. In this study, a relaxation time for N2-H2O system is
obtained from the more recent data of Ref. 9. A formula for
the relaxation time is given by

*» (PT)N, - H,O = -1-7325 + 11.3267 T~y\ (atm - /us)
(7)

where T is the translational temperature of the gas.
H2O is a nonlinear molecule and, as such, has three rota-

tional and three vibrational modes.13 The vibrational modes
consist of a bending mode with the energy of the first mode
(010) being 1595.0 cm"1, a symmetric stretching mode with
an energy of the first mode (100) of 3651.7 cm"1, and a
nonsymmetric stretching mode with an energy of the first
mode (001) of 3755.8cm"1.

It was found that using the vibrational temperature of the
first bending mode of H2O, ®v = 2294.9, in the Millikan-
White6 correlation, Eq. (3), resulted in a good approximation
to Eq. (7). The resulting formula tended to underpredict the
relaxation time by a factor of two or less for temperatures up
to 20,000 K. Because of this, the Millikan-White6 correlation
was used for this study. The Millikan-White6 formulation was
also used for the relaxation of H2O by N using ®v = 2294.9.

The dissociation and recombination reactions considered
in this investigation are

M = N,N2 (8)

The steric factors needed for the simulation were determined
by a procedure suggested by Bird.14 These factors, which are
function of energy yield rates of the type

CT»exp(-TR/T) (9)

when the distribution function used in calculating the rates is
Maxwellian at temperature T. For the reactions indicated in
Eq. (8), two sets of rates were used. The first is the one used
by Park1 and the second is the one suggested by Byron,15 for
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which the constants appearing in Eq. (9), rc, C, TR for N and

-1.5 4.085 x 1022 cm3 mole-1 s'1, 1.13 x 105 K

N2 are

-0.5 4.7 x 1017 cm3 mole-1 s- 1.13 x 105 K

H2O was not considered as a collision partner for purposes
of dissociation and recombination, but was considered a col-
lision partner for purposes of rotational and vibrational ex-
citation and deexcitation.

The rotational and vibrational temperatures are calculated
from the rotational and vibrational energies using their equi-
librium expressions. The vibrational energies for N2 and H2O
were calculated assuming the various modes behave like har-
monic oscillators. Thus, for H2O, the vibrational energy ev is
given by

ev -
fcft,,

exp(0wiv:
(10)

where 6vi = 2294.9, 5254.0, and 5283.3 K.

Results and Discussion
The problem under consideration is well within the contin-

uum regime. This imposes severe grid and time-step require-
ments. Initial calculations employed 4000 cells. Later calcu-
lations employed 8000 cells. Figure 1 compares the cell width
relative to the local mean free path A. As seen from the figure,
the coarse grid does not meet the requirements of the DSMC,
but the fine grid does. Therefore, all subsequent calculations
were carried out using the fine grid. The simulation employed
about 105 computational molecules.

Figures 2-4 show the effects of a variable rotational relax-
ation number on the translational temperature Tt the rota-
tional temperature Tr and the vibrational temperature Tv. As
indicated earlier, these temperatures were calculated from
corresponding energies assuming equilibrium expressions. In
the case of vibrational energy, the equilibrium expression was
computed on the assumption that each mode behaves like a
harmonic oscillator. As seen from the figures, the effect of a
variable rotational relaxation number is small. For the range
of temperatures indicated in the figure T*/T in Eq. (1) is
small. As a result, ZR lies in the range 8-12 for the temper-
ature range of interest. Thus, it takes more time to reach
rotational equilibrium. The small reduction in the transla-
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Fig. 3 Influence of rotational number on rotational temperature.
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Fig. 1 Ratio of cell width to local mean freepath.
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Fig. 4 Effect of rotational number on vibrational temperature.

Fig. 2 Effect of rotational number on translational temperature. Fig. 5 Influence of rotational number on concentration.
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tional temperature is a result of the fact that, with reduced
energy transfer from translational modes to the internal modes,
more energy is available for dissociation with the result that
the translational energy is reduced slightly. This is confirmed
by the results shown in Fig. 5, which shows the mass fractions
of N2 and N.

Figure 6 compares the effects of reaction rates on the re-
sults. The Appleton rates used by Park1 result in smaller
amounts of dissociation and a corresponding small shift in
peak temperatures. As is seen from the figure, the effects of
the rate expression is somewhat small. Because of this, sub-
sequent results employed Byron's rates.

The role of H2O is seen in Fig. 7. Two H2O mole fractions,
0.1% and 1%, were considered in the simulation. The results
indicated in Fig. 7 are those appropriate for the 1% case. The
vibrational temperature of H2O in the nonequilibrium region
is higher than that of N2, because of the higher energy ex-
change cross section. The small shift in the peak rotational
and vibrational temperatures of N2 indicated in Figs. 8 and 9
can be attributed to the presence of H2O and its higher deac-
tivation rate of N2.

Figures 10 and 11 compare the present computations with
the experimental results of Refs. 2 and 4 and the two-tem-
perature model of Park.1 Because the effects of a variable
rotation number and the presence of H2O impurity were es-
sentially small, comparisons are made for the case of constant
rotational number. The present results for the rotational tem-
perature underpredict the rotational temperature of N2
measured in Ref. 2 and is in excellent agreement with the
point measured by Sharma and Gillispie,4 which was reported
as 8800 ± 230 K. As may be seen from Fig. 10, the suggestion
made in Ref. 4 that the rotational temperatures of N2 and

N2 are in equilibrium is not supported by the present cal-
culation.

Figure 11 shows that the electronic ground state of N2 and
N2 are not in vibrational equilibrium. The measured
temperature4 is 6100 ± 560. Again, the present calculation
is in excellent agreement with experiment. The discrepancy
between our calculations and those of Park1 suggests that
Park's vibrational model does not have the correct depend-
ance on vibrational temperature.

Finally, Fig. 12 shows a typical plot of translational, rota-
tional, and vibrational temperatures. As may be seen from

Withl%H 2 O
A Pure N2

- I | \ I i I ] I i r i |
0.010 0 .015 0 .020

Fig. 8 Effect of H2O on N2 rotational temperature.

n Byron
A Appleton

x, m
Fig. 6 Comparison of temperatures for different rate sets.
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Fig. 9 Effect of H2O on N2 vibrational temperature.
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Fig. 7 Effect of H2O impurity on vibrational temperature.
Fig. 10 Comparison of theory and experiment, rotational tempera-
ture.
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Fig. 11 Comparison of theory and experiment, vibrational temper-
ature.
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Fig. 12 Temperature distribution behind shock wave.

the figure, the present calculations support the conclusion of
Ref. 4, that a two-temperature model is not adequate to de-
scribe nonequilibrium regions behind shock waves.

The question arises as to why DSMC calculations are more
accurate than continuum calculations. Two important reasons
can be advanced. First, DSMC requires the use of cross sec-
tions that are energy-dependent. On the other hand, contin-
uum calculations require the use of rates. In order to calculate
rates from cross sections, one needs to specify a distribution
function and the temperatures that appear in the distribution
function. Such information is not known a priori. This intro-
duces major uncertainties into continuum calculations.

The second reason is grid resolution. In continuum meth-
ods, grid size cannot be less than a local mean freepath. On
the other hand, DSMC requires a grid resolution that is typ-
ically of the order of a third of a local mean freepath. Thus,
continuum methods cannot possibly compete with the accu-
racy of DSMC methods in regions where large gradients exist.

Concluding Remarks
Park's two-temperature theory was developed assuming that

N2 and NJ were in rotational equilibrium and that rotational

and translational temperatures were in equilibrium. Both of
the above assumptions were not substantiated by the present
calculations. Because rate expressions should depend on all
relevant temperatures in nonequilibrium flows, it is suggested
that Park's two-temperature model should be re-examined
and modified to reflect the results of the current simulation
and the experiment of Sharma and Gillespie.4
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